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Abstract 



•Eighth-grade -subjects classified as formal or 'concrete operation^ 
learned a mathematical group structure with either a pre-determined sequence 
o'f trials (Reception Mode) or a free ch&ice of trials (Selection Mode) . 
All subjects learned a simil at* group structure one week later in the' 
S&lection Mode. Formal siiUjects learaed^.in fexcer trials used a more 
effective strategy on both'-tksks. . Reception Mode sabjects .learned in 
fewer trials oa Task 1, Receptioa training resulted in more efficient 
learning on the transfer \ask for concret^ but not formal subir<^s. Sub- " 
jects ai5peared to transfer rules, but not imposed strategics. 

' X . ■ ' ■ :' ■ •" 



FORMAL OPERATIONAL THOUGHT AiN'D LEMQitf^ ' 
*STRAtEGIES L\ 'iffi3jHf2>IATICAL STRUCTURES ^ 



, mm » • 

■ Dienes and Jeeves (19f.5. I9*70pidentif ied a heirarchy of strategies . 
•used in learning certain ythenatical griJup ^tructqres.^ Other' researchers 
,(Leskow and Smock, 1970;. Tagatz, 1967; Yudin and. Kates, 1963; viiin,; 1966) 
have shown ^ relations-hip between strategy* use in various t^^sks and 
chronological age. Using ^oup structure tasks-,- t;he "present study in- 
vestigated the dependency of strategy choice on stage of cogn-itive devel- 
opment. . ■ . • * , ,. 

Developmental Stages 

) • 
^ Piaget and Inhelder (1969) have described four hypothesized stages 

•of cognitive development in children, the last Xwo of vhich ye cogcre^te .^ 

operations and formal operations . Aithough children pijpgress through these 

' ■ ' / • ' 

stages at different rates, the order of the stages is thought to be in— 7, 
'' . , ... 

variant. In the concrete operations stage, beginning roughly around 7 
years of ag^the child is capable of reasoning logically on classes and-. 
relatiiJhs, based always on his iperceived experience with abjects uader con- 

t 

sideration. -The concrete operational child al^o acquires conservation or in 

* " / 

variance concepts of various quantitative pbysicaj -properties, such as 
length, number, liquid and solH quantity, area, riass weight, and volume. 

Beginning roughly around 11 years of age, tjie" child- begins %o enter tHe 
formal operational stage (Piaget and Inhelder* 1^69). Formal thought h&s • 
four distinctive features: .reality as a subset of possibility, hypotlietico- 
deductive thought, propositional logic, and the combinatorial system. 



^. Whereas a concrete operational chil$i is oriented to 'concrete reality, 

J* » * ' ' * 

the thild in the foraal operatiortol' stage is oriented to possiblity. For 

hii}, reality, is subset of all -poss^ible situations. Empirical results- are 

interpreted in :the. light of ail possible consequences. The formal thinker 

verifies rBel'ity by "casting possible situations in hypothetico-deductive 

* * » • • , ♦ 

^statecfents- (Sheo^an, 1970)'\ ' He is capable of deductive , reasoning t)n 

hypothetical statements /^independent of his direct perception^^f. their 

truth or meaning. He^jan apply logic to propositions, not just c/lasses • 

• • • 

and relations. • - ' 

J- 

An iraportanj feature of foraal thought^s the capability for com-" (-J' 

. • ^ U 

binatorial analysis. The formal operational child can geftepate the array 

.of all possible combinations of relevant variables in a problem. The • 

^presence or absence of a combinatorial system in\ subject's reasoning is 

cited by Inhelder and Pi^get^ (1938^ p'p.' 279-80) as the'crucii difference- " 

- belnJeen -concrete operational and jformai ppertrtflonal 'thinking . It' is-'this 

.'^ . • j^. - ^ - 

combinatorial -system vhich makes it^ossible for* the child ttf'consider 

variables systematically in a search for* functiopal relationships between 

variables. The combinatorial- operations make it possible for a subject to 

ifsolat^each variable in turn whilfe ho^Lding the other :^^^riables ^constant 

and to do^ this 4'stematically. In contTrast, the concrete operational chil<i, 

* facpd witl) a multi-variable ^situation often fails to' consider either c?om- 
pletely or systematically the combinatorial array of possiblifies. In- 
an experimejnt conducted by Inhelder, where the childr^ were to determid^* 

/the variables affecting the fate of oscillation of a pendulum, "subjects at 

• <» - • 

the level of concrete operations [varied] everything at the same- time ... 



(Piaget and Inheldef, 1969, p, 148).'" ' 



' Matheoatical Structure ' . ' * . • * 

. A matiiematical example of an arxa'y of possibilH;ies is the operati'Oh . 
ta'Dle in certain nathenatical systems. These syst!ems oon'sist of • set* 

ofSlen^nts together with a rule or function, calLstJ a binary operation, 

J' 

utixch assigns d unique result (one of the set of elements) to each pair 
(hence the name, "binary'^of inputs f^om the set of elements. ' 
\' Although addition, "subtraction,, and other "airitlme.tic operations are 
defined on anlt>^inite set of numbers, binary operati-^ns define^ on a 
Jinitev set"of _ elements are also of interest to mathematipians . Dienes and 
Jeeves '(1965, 1970) developed a task* with wl^ich theV studied strategies 
for learning binary operations from certain finite ,mathenaffical syst;§ms. 
Their subjects learned the rules of the system through §. series of moves • 
or trials, in a game-like situation. Tfiey Jet up a "machine" wife a window' 

• • • 

wherfe one of a small set of symbols j^as ^hown. This was the "state" of * 

• i 

the machine. The subject- (or learner) could choose one of. the same set of 
symbols to-'V.lay':. Ihe "state"f and "play" pair of symbols determined a' 
unique result as the next "sfate". The subject was alio^^ed to make iucces- 
sive plays, in an attempt to learn the "rules of the game", that is, to be 
able^tp predict the result for any given ^air of state and play< ' 

Str^egy . . . • . . . . ^ 

•• •; - • • ' ^ 

Dienes and Jeeves described' a hierarchy of three types of strategies, 

from lottiest to highest: niemor£, where the subject leaped each combination 

or .pair separately, with.no connections between^ the pairs; pattern , where 



« 



the subject organized the set of pairs, .into subsets, each governed by its 

own rule or'patte.m; and Qpe-ratfrr , where the, subject vifewed. each element 'as 

an "operator" transforming «ach of the s>Trf>.ols it was paired with", evidenced 

by the s^ect holding o;ie of jthe syiriols constant over 'several learning 

trails to investigate how it Operated. In- addition to the* thxee "pure'« 
. ' , •• ' ' i ^ ■ 

• strategics described above, rai.xed strategies Were observed 

Mode of Presentat ion, " ■ ^ * 

^ ' Th^ subjects in Dienes and Jeeves' study were c6nstrained in their . 
choices by the result of theWevious nmt, as noted by Branca and Kilpatrick 
(1972). Branca and Ki-lpatrickyugges^d that the ^rategy scores might ) 
have bee^^. someyhat insensitive to the actual strategy- the subject wi'shed 
to use. Kellogg (1973) and Jeeves. (1971) both report that subjects alldwed*" 
to freely clioos'e I5x>th inputs learned' significantly faster than in the ' ■ " 

^ y- ■ ■ 

state-plaj-- state -format. Kellogg reported consistency in strategy use 
across the two formats. 

Either the subject or the experimenter can choo&e the input pairs in "'■ 
learning trials. 5Vhen the ^subject has^free choicd of the "input pairs (and 
their order) for all learning trials,' the tasRs is in a selection mode. If 
the experimejjter selects the sequence of. input pairs t-o be presented to the 
learner, the task is "in a reception mode'. This distinction ih parallel to 
one niade by Bruner (19S6) in concept attainment tasks. He classified the' 
task as reception or selection depending on whether the experimenter or "the 
leaxner 'could choose and order the examples about which the learner was to 
receive information. 



Since the learner controi^^he sequence of information which he 
examines gnd processes when using the s^l^ction mode, this roode is ideally, 
useful in studying .the learner'^ strategy. | In particular, the formal 
operational child, with his cif^city for com^natoria/ tlCight , should be 
able to consider the full 'range' of possible, input pairs, "prganizing and 

^ f • X 

investigating them syatematically . The concrete operational child is more 
likely to be satisfied with and only capable of an incomplete or unor- 
ganized examination in input {Jairs. Tbe fcfrmal operatidnal child- should 
seek to isolate the effect of each of the two variables he controls (th^ 
'two inputs) by holding one of then constant and* varying the other. The 
strategy of holding one input constant wh 11^ invest igjt in g' the effect of 
varying the other inpu^t isr ;;rhat Dien^s and peeves label an oper^ator strategy, 



PROBLEM } 



Since formal operational but not concrete operational children are 

f 

expected to apply combinatorial^ operations in a multi-variable situat-ij5n, an 
oijerator strategy should be used more often b-y the formal^ operational than 
th^ concrete operational children. The present study attempted to examine 
the validity of this conjecture. If there is a differenc^d^Ln strategies, 
it may be acdompani^d by 'increased efficiency in learning ^^or formal opera- 
tional children. This stuHy ex'arained whether, in''^ selection mode|^ formal 
operational children l,eam in fewer trials tha^l.. Concrete operational children 
'Such a difference in learning ^ficiency may be due not oply to theNuse"^ 
of an operator strategy. But also to an increased * capability to handle the. 



taformatlon as it is structured by an operator strategy. By experimentally * 

•ioppsing-'an operator strategy, the iteception mode can be n^ed to studj'the 

'learner's ability to process this structured information sequence. .This ' ' • 

•^tudy Wttempted to determine whether formal ope'rational" children use the 

-* » • • ■ ' . 

.information from an imposed -operator strategy sequence more effectively, 

^ V . * * • 

^ and thus learn in fewer trials than concrete operational children. 

"Within the limitations of its design,, this study also attempted to' 
provide information about the effect of presentation mode (seleetioft vs. 
reception), and developmental stage (concrete vs, 'formal) on transfer tb a 
'later task. \ 

PROCEDURES 



The instrument used to» classify students as concret'e or fonjal opera- 
tional was a minor modification of a test developed iy Longeot (1965) and * 
tr^slated from French to English by Sheehan (1970)/ A few items were re- 
worded for clarity and the four' subparts of Sheehan's version v^re rearranged 
for ease^of administration in the cooperating ^school. The test contained' 
deductivd reasoning 'items, propotti*nal thinking items, and items .requiring 
the listing of ^1 Togical possibilities fbr certain events (combiriatorial <, 

items). Criteria supplied by Sheehan were usedvto classify students as • 

• ' -I ' * ' ' ' ^ t " 

concrete operatibnal of f ofmal operatibhal^ * , ' • ' 

Sample • ^ ♦ ' ^ ^ - ^ 

• The s^ibjects were selected from the 305 eighth-grade mathematics studehts 
in a Irural-suburban junior high school. ^ Two hiinHred 'fifty-one completeti all 



^ sections of the classification tqst. Using Sheeharl's criteria (1970)1 
120 students were classified -as concrete operational and 103'ag formal 
operational, wi,th 26 stuc^gnts unclassified. 

A randoin sample of' 20 students wa's drawn fr«m the list of thqse' pupUs 
classified^ concrete operational. Similarly, a random sample of 2Q " 
subject^v^jgy chosen from the formal pperational li«t.' Subjects ^re asked* % 
by the matlNteam leader 'if .they wduld be willing to participate. Three 
formal and six conrete; subjects declined to participate and- were replaced ' " 

4 with randomly chosen replacements from the respective lists, 

. ~- ; • • • ^ . 

• • . V ■!>•■.■•.■.■.•-,. 

. Experimental tasks " • . . , ^ ( , . \ 

) ^ * ^ . ^ / , ' • 

• .. , Each of the^40_sul?jects A^as presented individually \)ith two " -experimental^ ' 

j^task^,; the' second fask a£groximately one week after the first. '^Both experi^-^"^/- 

mental tasks,, were" presented using* a gameboard with three columns. The 
r ... 

gameboards for Task 1 and .Task .2 are shown in llgure I. 



, ' Each subject was told that he was 'to Icd'rfr the rules of a game. Ea<fh ' 
tipe a ijicture in the first column and a pic;ture- in the second, column were 
chosen (using, markers on the gameboard), that pair would de.termine a certain 
answer or resiAt in the third column,^ according to the mles of tl^e game. 
A third •marker in^the^final column Was used for the subject's pre4iction 
and for 'the experimenter's feedback .of the* correct response to the* given, ^ 
Vnput pair, ^ . ' 

r . _ _ » ^ ... 

' . ( ' Inserf Figure .i ' ^ • / 



A learning trial consisted of thr^e parts^J (a) a choice of inpuf pair 

(s'Ubject's or experimenter's, choice, depen^ling on , the experimental'' tre^j^-, 

ment); (b) prediction ♦cjf tK& ^nswer by the subject; and\cj verification 

or' correction of the answer by .the experimenter. The particular rules or 

* • 

*^qperations which tlje subjects were asked to leara are summarized "by the 

; ' , " 

-operation, tables Figure^. The mathematical systems illustrated are 
the cyclic groi^ps of order A* and 5, respect? ively-. . * ■ ' 



Insert Figure 2 about hefre 

; ' - ,- - V 

Each task* was- presented -in blocks of ,32- learning trials, each block be 
. foll^owed bx a criterion, test to assess the subject's learning at' that 
point/ The subject continued receiving the 32-trial learning blocks' 
until he passed a criterion test.. The task was then terminated ancj the . 
subject was inter vi^ed* 

Tasks were presented in either a Selection Mode/ where the su'hject 
chcrse the inpu^:. pairs and their order, oi;^in a Receptipn^Mode, where the 
input pairs arrd i^eir ordel: were pre-determined and presented by the ex-^ 
perimenter.' ^h Selection subject was fiold he could choose 'to put the' 
<tnarkers-on any input pair and the correct answer wyuld be indicated. He 
would receive answers for each pai^ he cho^e, in whatever order he thought 
would help him learn the rules of the game. Each Reception subject was 
told that/the^experimenter would show him the answer ta the vajious pairs. 
He was to watch the j esults and attempt to learn- the rules -of the g^mfe. ^ 

Each, criterion t6st was a<-set»of tri'als selected from the operation I 
table of the structure to be Jearned irf the task. The experimenter present 
ed ah input pair* and the subject predicted the answer. No corrections were 
made on individual pairs ; the .subjects^ was told at tlae end of the test' how 
many hd had done correctly, 'e.&. , "6 cut of 10'*. Not vail possible pairs' 



.) 



were tested on each critecion test, to- lessen the amount of time spent on ' ' ' . 
tesetog and thus raak^ standard periodic tests ^reasonable". Preliminarv • 
^tM-Ay indicated that 10 trials for T^sk 1 and 13 t-rials for Task 2. if ' 
chosen 'to be irepr«sencative of the mathematical structure, were suVficent ' * * 
to indicate reasonable mastery' of tSe operation rule. The particular 

selection of'trial§ was varied from on,e criterion te.st to 'the next. ' . \" * ' 

After the learning of each tafek was completed, th^- subject was asked * 
to desc(ribe the ''Vules of the -game" as he saw them- ^ ^ \ . ' 



Design and Dependent Measu res / • 

• f* • 

The two main independent variables in this study .were Plagetian stage 
of cognitive developmpt and presentation mode of the first task , • The^e ^ 
are referred to as Stage and ^ode,. respectively,' in subseq\jenl: ^discussions. 
The task assignments' in th^$ stuc^y can be pictured as shown *ih Figure 3.- * . 

Insert F|.gure 3 about here. • ' ^ • ' 



Dependeat Measure^ . . ' * ^ " 

Many measures could be constructed from th^ trial -by-trial raw data 
available ■ on 6&ch subject. This study was concerned wit^ the -'measures ' 
described billow. * • ' - * • 

Operator Score was designed to measure the^learner 's use, of an" operator 
str^teg^^ Operator* Score was the fractional part of 'all trials whi-ch'uer^ 
pant of operator runs, Ifi an operator tun, 'one of tha inputs vzas held con- 



1 - 



10 



stant /throughout 3. or laor^ consec-utive trials. To obtain the dperator " 
Scote^ the number of .trials -involved in such runs ^as divided by the total ' 
number of learning trials. 

Trials ^ to Criterion was designed to measure hc^w many trials ea^Tj., \ 
subject needed to master th^ task! ^ The actual ivimber of trials completed 
•^lasr alvays a multiple of 52, Althdugh subjects may*ha'-^e mastered tfhe task ■ 
.an the niddle oi a block of trials, this was not revealed until\he 



I : . 

' r 



critreraoi) test, after the full bltfc^ of 32 trials. Therefore, mastery of 
J- , ' the task was .operationally defined, to occur at the earliest ,CriaL after' 

which no pore than, one, prediction, error occurred. • Xrials to Criterion 
^ wss defined -tjo be the number of trials up to the T)oint of mastery..* ^ 

• After ea<;h task^ .the. subject was asked to describe apy patterns or 

relationships he observed in the task. These Task Dascriptions i^ere 

« / * ' ' ' ' 

' classified by th^ experimenter acdo'rding <o categories .which will bB * • 

* ' ^ * *' ' ' . 

• ^ • ...» 

described in the iresultg section. ' 

: . ■ : . : . '■ . ; . , 

V ^ \ . . - ' . ^ . 4 

Trials, Xo C riterion • ' ^' * / . . • 

" . — • * % * * 

A-Sta^e-x Modg. analysis of variance was conducted for Trials to * . • ^ 

* - N ^ ' ■ ^ 

Criterion on Task 1. %ble 1 presents the results of *^is analysis, with 

■' ■ ' / . ' ,U 

corresponding cell means and standard deviations in Taile 2. 3ath main 

effects, Stage and Mqde, were sign-j|f icant (p < .m) while the interaction . - 

^ , was negligible. 'Formal subjects learned in fetjer trials than. concrete . 

subjects arfd Reception SHmec):s learned in fewfer trials than Selection subjects;- 



ERIC 



Inseft Tables 1 and 2 abfJivt here. / 

• \ ■ 

1" 



•Table 3 suSmiarizes the results of a Stage x Mode 'analysis'of variance 
• for Trials to Cjite,rion on Task 2. The corresponding descriptive statistics 
are. presented in Table 4. A'signif icant S&age efj^ect < .05>\for Trials 
to Criterion faVored the fdnaal subjects. Reception subjects learnea in 
fewer frials thA Selection subject? but the difference was not .significant 
(.rs< £ < .20). The Stag^ x >fc)de interaction effect approaches significance 
(£ <-ll). A Simple effects analysis '(Winer, 1971, "^pp. A36-4A1) indicated 
thaq^the ccmcrate- formal diffetence was sigi\ificant only for SelecfiJ-on 
subjects ,and .that the Selection-keception difference was significant dnlv 
for concrete sub'jects/ ' . 



* ^ Insert Tables J and 4 al>out here t 



^ Pperator Score , . 

Ol>eratoi; Score was obtaijv^ only for subjects*-wit;h. free .choice » of le^iining. . 
trials, i.e.,* sujige^t^dti the Selection* Mode ^ Thus,^no Mode factor was ' . 
present lor OjSeratdt Sdore\on Task 1. .The results of, -a one-factor (Stage), 
analysis o'f va^riance of Operator Score on Task 1 ^are presented in Table 5. 
• Formal sub-jects had, a, hi^eir mean Opei^atof. Score than concrete subjects 
(^2 versus ..^);but the diffe^nc^s was riof significant "(,15 < £ < .20). 



^ 

Insert Table 5 afeout here 



• * M. 



• Since Tas>. 2 as pr«seated /lonpletely' in Selection >k>de. Operator "Score 
, was available foi; all' 40 siitujects. Tk'ble 6 suniaarizes the Stage :i !tode 
analysis of variance for Operator Score 6n Task 2; Table 7 presents the 
corresponding cell aeans and -Standard deviations.. Formal sybiects.had a 
significantly higher nean Task 2 Operator Score (£ < ,05) t.Han concrete 
subjects. • Both the Mode and 'st^ge x Mode 'effects were negligible for « 
Task 2 Opd'rator Score. 



r 
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Insert Tables 6 and 7 about here 

• ■ • • ) ■■■■ 

Sttfdfint Descriptions of t>!e Task 

' After Task 1 and 'again after Task 2, each subject was asked to de- 
scribe the "rules of the game" as he saw them. He was encouraged to tell 

everything he noticed afjout how the game worked. These descriptions 

» 

were classified by the experimenter into the following, tjategories": 
Operator, The subject descffibed each symbol from one column in 
terms of how it operated on the^ symbols in the other column, 
•* Eor example, several subjects iaid that the symbol moved 
1 every tKing one space up on the board. 

^ Counting. The subject -obtained each result by counting squares 
en the playing board up oY dora the columns from one or 
Dore standard reference pairs or" f rom^ the pr&vious pair. 
Subjects often used 'the doubles sutn as ($,$) and ( 1), 5) ) 
as reference poiats from which to coupt. 



Pattern > Xhe subject formed sets of related pairs, using a knewn" 

j - * • 

result for one pair to 'help find the^result' to another. Sgme 
of the relationships used were commutativity, 'symmetry , and 
the identity property. To be classified as a Pattern de- 
fecription, there should be no isolated pair^ left unrelated 
to another pair oA pairs. " ■ . 

" Patte::n-Memory , ^Soiae' subjects used a pattern description for 

dnly part of the task pairs and individually raemorized the 
othei:s. Often the only p.attem described was th^ identity 
property. 

Memory . The subject memorized each pair separately, indicating ^ ' 
no awareness of ^ any relationships. 



For the purppses of. the present analysis,, a simpler tKree level system 

of classification was'u^ed: Operator, Counting-Pattern, anSr Pat tern- 

Memory lin eluding full Memory descriptions). The numbers of subjects in 

»— • * * 

** * 

each Stage x Mode cell of the experiment who gave descriptions in each 
of 'the three categories are presented in Table 8. 



insert Table 8 about her^ 



To detenaine whether the task descriptions were infiependent 'of Stage 
and Mode the \2 statistic was applied to the appropriate contingency 
tables, with the results presented in Table 9. ^ 



Insert Table 9 ab.out here 



On both tasks, formal subjects gave more Operator descriptions and 

fewer^Pattem-Memory descriptions thah the concrete 'Subjects, On Task 1, 

Reception subjects gave more Operator descriptiotvs and fewer Pattern-Memory 

descriptions than the Selection subjects. On Task 2, Reception subjects * 
.' ^* * . *^ . J 

, tended tcT give more Operator and fewer Counting-Pattern descriptions 

than Selection subjects. * 1 ' ^ 

In order to examine the relationsh:ft) between .descriptions on Ta5k* ^ 
• ^ ' ^ «\ ^ • 

1 aryj descriptions on "Task .2, a contingency table (Table 10) ^f Task 1^ 
fey Task 2 descriptions was constructed J* ' • I 

^ ' .'^Insert Table ip/ about here ' ' ^ ' ^ 

■ ;i 



TwentV-eight o£ the forty subject^ gave descriptions in the same 
ptegory^op both tasks.' If the categories are- viewed as forming a hierar- ^ 
chical s^X^ with .Operator ^ the hi^h^t level and PatternnKenory as the 

. ^ 

lowest, only three s'ubiects changed to 4 lotJer level .ot Task 2, while nine 

- • • ■ % 

changed" to 'changgd to a higher level description. Nineteen of the twenty- 

• ' . * t ' 

6ne subjects-whtf gave high level (Operator or Counting-Pattern) descriptions on 
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15. : 

*• " • 

Task 1 also gave high level description^ on T§sk 2\ 'Only ten ofjthe nine- 

,^ ^ \ • • • 

teen subjects who gave low lev<2l (Patt6rn-Menory) ded^criptions on Task 1 

also gave a low level description on Task 2. ^ 

' . DISCUSSION 

A prinary purpose of this study was to^eteraiiie whetherX there \^rere . 
differences in strategy use .between coferete and formal -operati^al 
children. The evidence supports the hypothesised ^tr^tegy/di'f tere^ces, 
with farnal subjects having a higher mean Opertto'r Score than concret 
^subjects on both tasks. *Th^, overall ^if ference'was not significant 
X.15 < £ < .20) 'on Tadk 1; ^^rhile 'it was on -Task 2 (£.<• .05), 'it should. 



'A 

•be noted ^ that this comparispn^ involved only 20 subjects on Task 1 but 40 

subjects o^ Task 2. » . * / * : ' 

* C ' » • ' 

A more complex .tagk x^ith perhaps more variables may have.showi) a stronge 
b * ' * 

Strategy difference. Jnhelder and Piaget (1958) suggest th^t children in 

the late • concrete stage might be able to .systematically explore one or- 

possibly two variables, but pfrobably not as many as three to, five. They 

note (p. 63)' that m'ultiplication of concrete relations may 6e used when 

two variables, such as ien^gth and thickness, are homogeneous (that is, both 

are spatial), and a lesser anlount of one can be compensated additively by a 

gain in the other, formal thought is required to handle compensations ' ^ 

between heterogeneous factors such as^ length and density. 

The two variabiles (first and second input) in each task of the present 

$tudy are^ certainly homogeneous and their -action does compensate additively 

for each other: moving up' one symbol in the f^irst colui^Q i^ compensated 



• ■ , 16 

for by moving down one trffe second colunn. . Thus, the particular fonaat 

used for the tasks in 'this study may have rendered then morfe easily solv- 



* * 

able by advanced cohcreta operational thinking. 
^ . • ■ 

^ Despite'the fact that Reception subjects learned more 'quickly and 
were exposed to an operator strategy sequence on Task. 1, there was no 

.difference between the effect'of Reception and Selection training on the 
use of .an operator strategy on the seci^nd (transfer) task. " It is riot' 
.known whether the experience in 'Task'l" had any actual effect on operator 
strategy use on the second task, since no group ' received the 

.transfer task without . previous trailing. The fact that Reception-trained 
subjects -had Operator- scores as high as the Select ion-trklned subjects may 
fee dae'to the part ic^af sequence "used in the' Reception Mode in tai^ .study. 
Certainly other sec^^c^s mayhave different effects on both'iflitiai 
learning and 'transfer to later. tasks. * . . ^ 

^ It was suggested in a -previous section that formal subjects .could ap- 

' ' . ' ^ ' ' . ' ', . ' 

ply combinatorial thought; to systematically explore a Selection Mode task ' 
• ' ■ n . ■ * . 

and would thus learn -it more quickly than concretfe subjects. The evidence 

from Task 1 and Task 2* indicates fftat fomal subjects dfd learn in fewer 

trials than concrete subjects in Selection rtode. The results ,also indicate 

that formal subjects were able to tkke advantage, of the structured data in 

the Recepti<3n Mode and "learn in fewer trials than concrete subjects in'tlie 

Reception Mode. Generally ^>formal operational children not only adopted - 

an operator strategy more than concrete operatipnal ,childi:en, they also 

(ised the resulting information jsore effectively. . ' . * ' ' ' 

» 

The advantage of an operator strategy for learning a task lies in the- 
organization it imposes onvthe data, enabling the subject to identi'fjr the ' 

19 ' - . 
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. role of each of the. variables. if concrete 'subje^ do not spon- 

taneously adopt operator strategies-, they nay be capable of . using thd 

information as' it^ is strjjctnred by an imij^Se'd- operator ^sfcrategV. \ In 'this- ■ 

study,, concrete subjects learned more quickly in the Jlecpption Tlode than 

in the Sfelectioh Mode. Terr these concrete operational children, the 

imposed operator strategy sequence, by holding one variable constant ,■ nay . 

have reduced the complexity of the problem so that it could be handled 

more easily by concrete operational thought. - '• 

Formal operat;.onal^subjects also learned more effectively in the . 

> • 

Reception :\ode than in the Selection Mode. In the present\sludy^ fo'nnal 

subjects ma>;^ have becoiae preoccupied with t^e planning of a strategy in 

\ * ^ v>. * . ^ 

Section Mode, or they laay Tiave experienced difficulty in coordinating 

the search aspect and the information processing aspect pf^the task.' 

Furthermore, formal thought is ptobably not fully developed and stable 

for eighth-grade children. They may -not be able tc/Japply forma?, thought 

>readily on a nov6l task sand may be inefficient in using it. Tagatz (1967)' 

that, fqjY fifth and ^xth. grade ^bjects trained in a concept ' 

attainment strategy r^uiring formal operational logic, those ^^ho used ^ 

this strategy .tbok more trials to learn than those who re^rted to a > 

strategy dep^ ^ent only on concrete operational logic. 

. . \ 

The results fot Trials to- Criterion on Task 2 present "a different ' • 

^)attem than that for Task 1. Anong formal subjabts, chose ^>^o had 
r^ipived Selection training learned Task 2 in slightly fewer trials 
than those who "had received Reception training. Cht the other hand, among 
concrete subjects, those with Reception training learned -considerably 



faster than those with Selection training," For Task 1, the superiority 
of Reception Mode subjects on Ty.als to Crite;rion was explained by the ' 
application of concrete logic to ^lie structured data ^rom an imposed 
operator strategy. However, Task 2. was in "the Selection Mode for' all 

. • f ^ 

sTubj^cts, so concrete, logic was not longer sufficient. Reception train-" 
ing did not induce a higher level of operator" strategy use on Task 2. 
The mechanism by which concrete suijects^ befief ited from the Reception 
>Iode seems to be by means of the, .fe^ransf enable insights or generalizations 
which these subjects were able Co achieve "in the Reception Mode on Task 
1 more easily than in the Selection Mode, Reception-jtr^ined subjects 
gave more high level (Operator, Counting, or Pattern) descriptions for 
Task 1 then Selectibn-tjrained -subjects, especially among concrete .sub- 
jects. Subjects giving these high level descriptions for 'Task 1 had 
generalizations available which could be applied to Task 2, Subjects * 
giving low level (Pattern-Memory pr Memory) descriptions for Task 1 had " 
el-th§r no geheralizatipns or' one of . limited scope to transfer to Task' 2, 
The advantage of the high level Task l' description ^or the learning q£ 
Task 2 can b.e seen in Table 11, "This .table presents the jnean trials 
to Criterion and mean 6perator Score foliTask 2 fox those subjects who 
gave'each of the three levels of Task 1 descriptions > ^ 

/ - 



. ' Insert 'table 11 about here 



Analysis of variance and l^ewi^an-Keuls post hoc analyses iR^icated that 
groups 1 (Operator) andi. t (CbuntingjJ^at.tern) leariied significantly faster * 
(£ < .05) than group 3 ' (Pat^em-Mimory) but did not differ from e^ch*o'ther. 
Th^re were no significant c/ifferences in Operator Score amon,g the three 

i'-i ' ' ' ' 

groups. Thus, the hi-gh* l^vel descriptions obtained on Task 1 seem- to be 

• * f ^ ^ 

* beneficial for -learning e^ficienty on,Task<2, but not throu'gh the-ygreater 
use of *arT operator strategy. ' ' • • ^ 

The effecr 6f thp tifansfer of ^task , generalizations 'can be seen Vfery 
* * / ' 

clearly in the C6^;icrete-Reception cell. The five -Concrete-Reception sub- 

jects who gave a hf^h level Task d description had a mean Trials to^Cj:;4.te- 



rion of 44.4 on*rdsk'2, whil<e the other five Concrete-Reception suojects- 

>^ad a mean Trials to Cri-t6ri^-of 185.4'' on Task 2. For comparisori,, the'io 

* Concrete-Selection subjects, of which only one gave a high level Task 1* 

desqrit)tioii, had a mean' trials to -Criterion of 185.5 fdr Task 2. Thus, the 

^"dtantage of *^eception training for concrete sub'jects for Task 2 trials to 

^ Criterion^ can* T)e attributed completely to* the performance of the subjects^ 

who gave high level Task 1 descriptions. 

• » • ' . 

While formal Reception Mode subjects learned faster than formal Selec- 

. txon Mode subjects on Ta?k 1, their performance on Task 2 wad^ essentially* 

equivalent. Selection-trained' formal subjects may have been less distracted 

by the search aspect on Task 2 because their experience with Task 1 in; 

the Selection Mode. At the 'same time. Reception-trained subi^Cts.had to 

adapt to the more demanding Selection Mode. It seems very possibly, 

however, that the principal reason for. a lao^T^of difference in transfer 

effect Ijetween the two levels of M6de araonfe 'formal subjects on Task ^ was ' 

^at their scores approached a realistic minimum number of trials requited 

22 i 



50 la'aster Task 2. Mastery of .Task 2 within the first two blocks. .(64 t'ri^l^s) 

.required irmnediate solution '*of the task with little experimentation. This 

was accomplished only by subjects who had ^^hieved very firm and.tran^Sr- 

able generalizatiors which, they remembered and were ablb to apply approxi-- 

mately a week after they completed Task'l. Students who ha*d not achieved 

such gen.era'lizations on Task 1 required longer to learn, as indicated. 

earlier in tKe discussion of Table 11 . * 
t « 

In sujnmary, Recejflion training with an imposed ojfer^tor. strategy 
seems :to lead to more fefficient iJiitial learning, but n$t to stimulate ' 
greater use of aa operator strategy on- a transfer task than does Selection 
training. Reception training geems'" to lead to more eg^cient^fle^ning . on 

* • 4 

•a transfer task only if the learner has achieved generalitzations which 
aire transferable from. training to- transfer taskv In. this s.tudy, the two 
tasks had similar solutions. Use of less' similar task might be expecte4 
to yield quit^e different transfer results for both learning efficiency 
^d strategy use* Al^o, Rfecept ion. training using other types bf learning 
trial -sequences may not result 'dn sajmilaF transfer effects* . , . 

In connection with the overall male-female differences found on Task 
1, the, initial difficulty on the part of female subjects" may haye beeif^due 
to ^ack of >experience with task requiring active experimentation or to the 
inhibiting effect* of the presence of ''a* male adult (the experitaetiter) on 
the females during the task. In either case, the experience of Task l' ' 
seems t6 have been suffiicient to eliminate the differences. " ' 

Conclusions . . • ^ 

The principal ^conclusions'^ of this study are summarized belc^. ♦ 
1. Formal subj€?t;^ leame*d in fewer trials and tended to dse art 



operator strategy ipore than concrete' Sjibject's-. ' ' ' ' 

2. Subjects in the Reception Mode learned more quickly. uhan subjects 

' * ' ' . ■ ■ ' . . 7 '' . ■ • 

in the Selection Mode, while there'. was no difference' between Reception i 
and Selection training in stimulating use of an operator strategy on a 
subsequent task, " ^ 

3, "Rec^jjtion training using an imposed operator strategy 'guided sub- 

» ** * > 

j.ects to more transferable generalizations than Selection training, re- 

' ■ - ' if ■ ' ' \ ■ / ' ' 

suiting in morp efficient leamirtg on the transf e/ task among concrete ■ 
■f ■ . ■ ■ 

subje'dts.. ' ^ ■ ^ . 

Generalizations of these 'conclusions must be qualified by^ the choice 
pf\tasks and sample size used in this study. A different 'pattern" o£ • 

V • '* - . . ' ' 

tran^ter effects might be found for less str-u&turally similar tasks-, since 

. \ ' , 1 ■ ■ ' . • \ 

the petform&nce of* subjects on Task 2 seetos to hav^ been related to the. 

• • /" ' . • 

- type of insight gained on Task 1. Also, despite the small sample size 

necessitated by time-<?onsum±fig interviews, the study' has 4aid a basis for 
further research. / • • ' 

■ ■ ■ • -■ ■■ ' 

Only one type of 'sequence was used* for the Reception training in this 

,sfti(Jy. The effect of other types of Reception mode sequences and methods 

-of training on^bot^ gleaming efficieincy and strategy use needs to be 

investigated* " Typidal classroom approaches such as 'exposition and 

* "V ' * * * 

deihonstration as* veil as the xise of concrete iiiodels might; be examined 

and compared.. Empl^asis should be placed on .the ability of subjects to 

transfer strategist to types of problems besides those on wfiich they are , 

/ ' . ' ' ^ 

trained. / - * 

Comparisons between formal and concrete thinkers should be extended 
•to other age levels, especially older adolescents and adults. The type 
' \ / OA 
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of, reseated design used in this study, where subjects within a* limited'"' 

•age range were classified as concrete or formal operational and then com-' 
pared, should be used more widely to study strategy differences as well 
as 4:he ability to learn , or discover mathematical concepts, 'riif ferSnces. 
obtained simply by comparing subjects at different age levels can be • 
considered, only^suggfestive of changes actually due to "cognitive develop- 
ment, which. is confounded with other age- and exp'efience-related. 'factors . 
The relationship between cognitive develbpm^n't and the thought pro- i>' 

.cesses used in mathematical learning may be 'studied by 'embedding mathe- * 
raatical concepts in tasks that reveal choices and decisions mirroring . f 

.cognitive proCfeSses an well as cognitive products. "^e study of strategy 

sequences in this experinjent ^as an attempt at this approach'. 

• ^Finally, tlie fine structure tff Piaget's construct of formal operafcit^ 

needs further research and explieation"'. This will hop4fully lead to .more ' " • 
• " ■ • , . , -, ■ • 

•reliable and valid group assessment procedures,' yielding more detailed 

• • . '/ ' ' ' • } • ' ' >■ ' ^ , ' ."^ . 

developmental information fot both r^earch' and applications.' ' ' ' 

• < ... , • ■ ■ . . I , - . 

. , _ ■ > 
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, TABLE 1 

(Stage) X 2 (Mode) ANOVAj^'for Task 1 Trials to Criterion 



Source 


df 


MS 


F-ratio 










Stage 


1 


27667.6 


7.96*** 


Mode 


1 


26522.5 


7.63*** 


Stage X Mode 


1 


• 532.9 


- a5 


Within (Error) 


36 


3475.2 




Total 


39 


« 




*** £ < ,01 

* 










I- 
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> . TABLE 2 

Task 1 Trials to Critejjion Means and Standard Deviations 
(standard deviations parentheses) 





Selection • 


Reception 


Total • 


Formal 


' 157.5 
(65.9) . 


^^98. 7 
(45.6) 


128.1 . 
(62.8) 


Concrete 


202.8 
(53.6) 


158.6 
(68.0) 


180.7 
(63.7) 


Total 


1 

180.2 
(62.9) 

» 


138.7 
^ (64.1) 


* * 


* 10 sXibjects 
• 


per cell - 
4. 


♦ 




• • 






• 




ft 






4 




• 


< * 










• 


I 

A 
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. • ,j TABLE 3 • ■ . ' 

2 (Stage) X 2 (Mode) AKOV^ for Task 2 Trials to Criterion 



Coil T*^*P 


6 

QX 




F-ratio 


Stage 


1 


35046.4 


6 :48** 


Mode 


1 


10758.4 


1.99 


Stage X Mode 


i" 


14288.4 


■ '*2.64 ' 


Within' (Error) ' 


• 36- 


5411.-8 


-> • 


Total 

1 


39 


• 


* 



** £ < .05 
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TABLE 4 

Ta'sk 2 Trials to Criterion Means and Standard Deviations 
i (standard deviations in parentheses) 



4 





Selection 


Reception 


1 

Total 


Formal 


88.5 ^ 
, '(48.9) 


<• 

93.5 

(71.6) ■ 


91.0 
(59.7.) 

< 


Concrete 


185.5 
. . (79.2) 


114.. 9 
(88.7) 


150.2 
(89. f) 


Total 


137.0 
(81.1) 


104.2 
(79.2)* 





J 



10 subjects per cell 



• TABLE 5 
ANOVA for Task 1 ©peratdr Score 



^ » ■ 

Source , df * * MS F-ratio 
, ; 

♦Stage • .1 • ,115 2,10 

Wthin (Error) 18 .055 

Total 19 



TABLE 6 

(Stage) X 2 (Mode) ANOVA for' Task 2 Operator Score 



Source 


df 


MS 


F-ratio 


Stage 


1 


.^09 


; 6.tf5** 


Mode ^ ♦ 


1 


.024 


♦.35- 


Stage X Mode 


1 


.000 • 


.00 


Within (Error) 


36 


.068 • 




* 

Total 


39 


• 


» 



** £ < .05 
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TABLE 7 



Task 2 Operator Score Means and Standard Deviations* 
(standard deviations in parentheses) 





Selection , 


Reception 


Total 


Formal 


.56 
(.22) 


.61 * 
.(.253 


.59 
' (.23) 


Concrete 


.36 
(.23) 


.41 

. (.33) 


.38 
(.28) 


Total 


,46 
(.24) 


.51 • 

(.30) 




* 10 subjects per cell , 







! 

r 



r 
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TABLE 8 



Numbers of Students Giving Each Type of Description on Task.l and Tasic 2 



Operator 



Counting- 
Pattern 



Pattern- 
Memory 



Task 1 



Formal 



Concrete 



Selection 
Reception 

Selection 
Reception 



3 
7 

0 
4 



3 
2 

1 

1 



1 

9 
5 



task 2 



iFormal , 



Concrete 



Selecti9n 
Reception 
« 

Selection ■ 
Receptiofi 



\ 



3 
6 

0 
A 



7 
2 

3 

3 



0 
2 

7 

3" 



ERIC- • 



3'5 



TABLE 9 

.Contingency Table for Description by Stage and Description by Mode^ 




Operator • Counting- Pattenf- 

Pattern Memory obs 



Task 1 ' 

Formal ^ '10 5 5 8.12** 

Concrete ' 4 • 2 ' 14 



Selection 


3 


<VJ 4 ' 


. 13 


7.29** 


Reception 


11 


3 


6 








• 


9 

S 




Task 2 


- > 




\ 




Formal 


9 


9 




7.86** 


Concrete 


4 


6 


1 




ISelecJion 


3 


19 


7 


* 

5.77* 


Reception 


• 10 


5 


5 






-n . 






* 2.-,< .10, since for 


df = 2, 


^!90 = 




# 

f 


** £ < ,05, since for 


df = 2, 


X\^5 = 6.0 







• TAiLE 10 

Contingency Table for Student Descriptions, Task 1 by "^sk 2 



Task 1 
Descriptions 



Task 2 Descriptions 



Operator 



Counting- 
Pattern 



-V — 

»Pattem- 
Memor^r 



Operator 

Coun t ing-|>a 1 1 em 

Pattern-Memory 



12 
0 
1 



1 
6 



1 
1 

J.0 



• *. 
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TABLE tL • V ' 



Mean Trials tq CriteisLon and Operator Score- 
oft. Task 2 for Groups 3ase^ on Task 1 Descriptions' 



Trials to Operajtdr 
Group </ Task 1 Description , Criterion . ^cyie 
' - Task 2 '* Tas.k 2 



1 . • Operator 69.7 ' ,47 

2 . Counting-Pattern 95. 9" .42 



• 0 

. I 



3 Pattern-Memory 166.1 ' 57 

V 
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figure Captionst . 



Fig. 1. The G'anieboards fpr Tagk 1 Ctop) 'and Task 2 (bottom) 



Fig. 2. <Operatio» Tables for Task 1 and Task 2 



Fig. 3. .The^Task Assignments 
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